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Abstract

The two-particle Schrodinger eigenvalue equation in a spherical potential is
considered. For an arbitrary total angular momentum L, its projection M and
the parity s, the Hamiltonian and its eigenvalue problem is expressed in terms
of r1, rp and ry, only. The dependence on the remaining angles as well as on
the angular momentum is reflected by the finite multi-dimensional structure of
the eigenvalue equations.

PACS numbers: 31.15.—p, 03.65.Ge, 02.30.Jr

1. Introduction

The reduction of the helium eigenvalue problem for ' ¢ and 3$¢ to an equation which depends
on the three triangle variables r, r, and r; only, was given by Hylleraas nearly 80 years ago
[1]. A year later, in 1930, Breit [2] extended this approach to P° and P°¢ states'. Since then
the equations of Hylleraas and Breit became a starting point for many approaches aimed at
deriving very precise approximations to the wavefunctions describing the pertinent states of
the helium atom [3-6]. Next, every 30 years consecutive generalizations to arbitrary values
of L appeared: Bhatia and Temkin [7] in 1964 and Kalotas [8] in 1965 followed by Bottcher
et al [9] in 1994. In the first two approaches the problem has been solved on the basis of
Wigner Dﬁ,t’ « functions, while the third one utilizes the bipolar basis. In all these papers, the
Schrodinger equation for a helium-like atom has been reduced to a finite system of equations
depending on the triangle variables only for an arbitrary angular momentum L and parity
. Both Wigner and bipolar bases were recently applied by Korobov et al to a study on
antiprotonic helium atom [10, 11] and on H}, HD* molecular ions [12]. Similar ideas were

' In fact, Breit used ri, > and 912, but the relation cos ¥, = (rl2 + r22 — rlzz)/(lrlrz) determines the mutual
correspondence between Breit’s coordinates and those of Hylleraas. In further discussions the specific choice of ry, r

and rq2 is not significant. In general, they can be replaced by any three equivalent variables.

1751-8113/08/235202+13$30.00 © 2008 IOP Publishing Ltd Printed in the UK 1
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also used by Jeziorski ef al [13] in studies concerned with the completeness of the functional
bases used in molecular structure calculations.

The reduction of the Schrodinger equation presented in this paper is performed in the
bipolar basis. This basis was introduced, analyzed and applied by Schwartz [14] in 1961.
Later, in 1967, King [15] gave its extensive analysis. In the present work the earlier results
are generalized for the case of two, not necessarily identical, interacting particles confined in
an external spherical potential. In this way the results are applicable to all kinds of exotic
systems, such as, for example, to muonic, positronic or antiprotonic atoms [11, 16]. The
bipolar expansion proved to be particularly useful to the description of antiprotonic atoms
[11]. Besides, the resulting equations are simpler (the coupling terms are simpler than in
[7, 8] and contain no complicated sums, in contrast to [9]). The reduction to the finite system
of equations is based on the construction of a space which is invariant under the action of
operators forming the Schrodinger Hamiltonian.

2. General considerations

Let us take a product of a radial function f(ry, r», rj2) depending on the triangle variables
and the angular function €2, ;, (71, 72) which is an eigenfunction of the angular momenta /,
and [/, of each particle. The way the angular variables # and 7, are defined is irrelevant for
this discussion. In order to avoid any misunderstanding curly brackets are used to denote the
range of actions of an operator. For example, {X f}g means that X acts on f only, where
X isan operator and f, g functions belonging to its domain. For simplicity, throughout this
work, i = 1, 2 refers to a specific particle. A complementary index i = 1+ (i mod 2) has also
been introduced.
As one can see,

Ai f(r1,r, 112) 2,0, (Pr, P2) = {Aif (ry, 12, 112) Y20, 1, (P, 72)
5
— f(r1, ra, rl2)r_12911.lz(7"\1, 72)
i

ry 0f(ri,r,r12)
rir2 ory2

+ {(—2) }{Ainl,zz(fl,fz)}, (D

where A; is the Laplace operator of the ith particle and

{Aif (r1, 2, 112)}

2 209 8 2 8 ri-rPerh @
=(=—+= +—— 4 fi,r, ). (2

8}"[.2 ri Br,- 3}’122 ri2 87‘12 riri 8r,-8r12

The angular operators A; read

ri 0
A,‘ — Z a;—
T ae{x,y,z} aai
1 27 1 At 1 aNG— 1 saNG— 1 a7+
= ?[(Y_l(r;)li + Y, ()L )—cos 1912(Y+1(r,~)li + Y (P )] 3)

cos O;

where ii* , if are the ladder operators for both particles, Y,i, are spherical harmonics,
costy = (rf +r3 — r,)/(2riry) and ©; are the polar angles of the particles [6]. Let
us note that equation (1) is equivalent to equation (11.30) of reference [6].
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Let O be the space spanned by eigenfunctions €2, 1, (71, ¥2) with /1,1, = 0,1,2, ... and
Op Mz its subspace spanned by

QLM (1, ) = (1ML E T Y (

my,ma

I

h L L o(n L (n
AN AT FTSY @

corresponding to a specific pair L, M and parity 7 = (=1)h+h, By the construction, the
closure O of O is complete on the spheres defined by 7, 7, while Op . 12 its complete
L, M, m adapted subspace. As demonstrated by King [15], every element of Oy, y , can be
expanded in terms of
01, = Picos 1)) (71, #2), (5)

where the values [, l, are restricted by the condition /; +I, = L for the natural parity
7w = (—1)F and by [, +I, = L+1 for the unnatural parity 7 = (—1)t*!,and P,,1 =0, 1,2, ...
are the Legendre polynomials. In equation (5)d = L+1 functions Qzﬁ:y—z, 1 =0,1,...,Lin
the case of the natural parity 7 = (—=D% and d = L functions QILI:LM_IIH, Iy, =1,...,Linthe
case of the unnatural parity 7 = (—1)’*! are referred to as the generator functions.

The one-particle Laplace operators commute with L2 and L.. Therefore the operators
A1, Ay also commute with L? and L.. Consequently, the completeness of Oy ., implies
that the rhs of equation (1) can be expressed as

L B
A A o-lili A A
A fOriyr, o) E Fr i) = ) AX Forr r) J QY (B ), 6)
7] =d()

where the operators X le’ll, X 122'12 depend on the triangle variables only and act on the radial
function f and
0, if d=L+1,

d":L”_d:{l, if d=1L.

The first particle angular momentum quantum number /; is chosen as the summation index in
expansion (6) for both values of i but, for the convenier}ce, quantum numbers [, = d — [} and

. 51,1
I, = d — I, have been used as labels in the operator X, . One can also see that

ATl sl
X, (ri,r,ri2) = X (2, 11, 112), (N

where dy < 1,7 < L.
On the other hand, any eigenfunction of a two-particle Schrodinger Hamiltonian can be
expanded in the same manner

L

W(rm) = Y (1,2, 1) QL (P, 7). ©)
l]:d[)

If expansion (8) is inserted into the Schrodinger equation

[ PR e
|:2—mlpl+%p2+V—E:|\II=O, 9
where V = V(ry, rp, r12) depends on the triangle variables only, then the application of
equation (6) to the operators ﬁ% = —A;and ﬁf = —A, implies
L L
3 { Ao, }Qflfj =0, (10)
Ii=dy \ hi=dy



J. Phys. A: Math. Theor. 41 (2008) 235202 G Pestka

where
NInE (=D ghiti (=1) s4bb

A = o, D. ¢ 2—X2 +8,,(V—E). an

As demonstrated by King [15], the set of generator functions QIL] 1}:[ (1, #2) in equation (10)
uniquely corresponds to the set of Wigner’s functions D%, ’vi.xc Which depend on the three Euler

angles only. Then, the generator functions SZ~ A form a set of linearly independent functions
of the angular variables. A two-particle funct10n can be expressed as a linear combination of
the generator functions with coefficients dependent on the triangle variables ry, r, ri, only.
Consequently, the curly brackets in expansion (10) are equal to zero. Thus, we have obtained
asystemof d = L + 1 or d = L coupled equations in the triangle variables

L .
Z ((_1))2111711 + (— )Xlzz I’)q)l] +(V - E)?;, =0. (12)

2m 2m
Li=do 1

Each of these equations, indexed by 7; and depending only on the triangle variables, is the
expansion coefﬁ01ent of initial Schrédinger equation (9), associated with the angular generator
function Q~ ; (rl, 7).

Schrodmger equation (9), reduced to the system of coupled equations (12), can be written
as a homogeneous multicomponent matrix-operator equation

1) 4 1
Vg v -y, e, =0, (13)
2m1 2m2
where

A 51100
DIE[XI ]dogil,llgu

A A L=d—Tj,Lb=d—I;
D, = [Xz ]dggil,llgL

are matrix operators representing the Laplace operators of both particles, I; is the identity
matrix of dimension d,

O = [Dyy, Dapsts - DL

is a d-component column, representative of the wavefunction, and 0, is the column of zeros.

slili ahl
In the following two sections the exact expressions for A, Ay, X o X 7% and, thus,

Schroédinger equation (12) in the triangle variables for any state of given L, M and 7 are
derived.

3. The case of a state of given L, M and 7 = (—1)*

For a state corresponding to given L, M and = = (—1) the set of generator functions (4) is
determined by the values of /; = 0,1,2,..., L and/, = L — ;. When we act on a chosen
generator Q,LI : 11‘24 with the angular operators A and A, (3) then for both particles, after arduous
calculations, we get

AQEM — (L-D)2LH+ DL -L+]D) 1 u
l] lz - 11—1,12+1
2, +3)

—Lcos QY (14)

LM _
M =

(L—1)CL+ DL —L+1)
\/ 1 éll+3) 2Eor N, —heosvp@ll, (15)
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and

o110

1 A li—1,1

Avfrr r)Q ) =X e r) Y X f e bl L (16)
Al Ala—1,1

Mo f(ry,ra, r) Y ={ X5 f O, r) Y+ XS e} A

As we can see, in this case expansion (6) contains only two non-zero operators. The first
corresponds to 0 < /; < L:

sig 92 20 92 QHEr2+L(rP—rh) 9

X.’ = 4+ —— 4+ —
! 3}"[2 ri 8r,- 8r122 ri2r12 87‘12
ri-rierh 92 L+ 1)
+ — R (18)
rir12 81‘[8)’12 rl.
and the secondoneto 1 < /; < L:
Ali—1,1; —2r L—-—0HQ2L+D(L—-1+1 0
P e — (L =5)( ) ) 8 (19)
rir12 (2[;+3) 81"]2

Ali—1,1 Al—1,0, L
The operators Ay, Ay, X 1‘ "and X 22 : depend on [, I, indices only. However, for the

sake of further generalizations, it is convenient to insert an auxiliary index L, which in this
case is equal to /1 + [. Let us note that for a given value of the total angular momentum L

and the parity 7 the coefficients in expansions (14), (15) and, in consequence, the operators
il oh,

. € b and equation (12) are independent of M.
In this case Schrodinger equation (9) with the wavefunction of form (8) reduces to a
system of (L + 1) coupled equations

(—=1) , ~00 £ 0,1 (—=1), ~LL
— (X, Do+ X, &)+ —(X, Dy) =(E—-V)d,
2m1 ( 1 0 1 1) 2m2 ( 2 0) ( ) 0
(=1, su. o+ (=1 sbb ol lp+1
(X0 + X @)+ — (XS TR, + X, Py ) = (E = V)P, (20)
2m1 nmy
(—=1), ~LL (—=1) , ~00 50,1
— (X, D)+ —(X, P+ X, ;) =(E—-V)D,,
2m1 ( 1 L) 21"’12 ( 2 L 2 L 1) ( ) L
where [y = 1,2,..., L — 1. In order to construct the energy functional necessary for an
application of the variational method, the equations should be multiplied, respectively, by

the generator functions Qé LM , QZL] ) 1}‘2/[ , Qijg[ , summed together and integrated over the angular

variables with trial function (8).

It can be easily seen that the above system of equations corresponds to a very simple
tridiagonal d x d matrix operator (d = L + 1) of the multi-component Schrodinger
equation (13). The operator D, consists of the diagonal elements X lll'll and of the upper

. Al 0+ . A . .
diagonal elements X ,1 o Similarly the operator [, consists of the diagonal elements

sd—ly,d—l . 5 d—I,d—(1—1) . .
X, "7 and of the lower diagonal elements X N PO placed in the operator matrix at

the positions (/;,; — 1).

4. The case of a state of given L, M and 7 = (—1)"+!

This is the complementary case to the previous one—it has the unnatural parity, ¥ = (—=1)*1.
Now the set of generator functions (4) is determined by the values of /; = 1,2,..., L and

5
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I = L +1 —1;. The results of the action of the angular operators A, A, (3) on the generator
functions QZLl ) ,AZ/I are given by the same formulae as before (14), (15), butnow with L = [+, —1.
Similarly, the action of the Laplace operators Al, Az can be expressed by the same expansions

(16), (17) with the same expansion operators X X Lol (18), where 1 < I, 1, < L; and the

same operators Xll : 11 lz bh (19), where 2 < I1,lhb < L

Schrodinger equatlon (9) transforms to the following system of L equations:

D, 4 1
S e+ X0 + (R ) = (- Ve

2m1
D, o . 1 .
CD ghig, + %1, + & )(X’Z "o+ X o) = (E-V)®,, @)
2m1 2m
(=), oL (=1, 411 Al
> (X7 0L) + — (X 0L+ X0, ) = (E - V)@,
1 2

where 2 < [} < L — 1. The energy functional may be obtained by multiplying the above
equations by the generators Qf M QILI ,A: Qf | » summed together and integrated over the
angular variables with the trial function (8). Similarly to the previous case the above system
of equations forms a tridiagonal d x d matrix operator (now with d = L) of the Schrodinger
multi-component equation (13) with the same structure of the operators D, and I, as before.

5. Explicit forms of some equations

In this section we present the explicit expressions for the two-particle Schrodinger equations

in the triangle variables for the states corresponding to the most important lowest values of

the total angular momentum. Due to the independence of the resulting equations on M, in

generator functions QlLlj ;;4 with L = 0, 1, 2 we introduced the shorthand notation, respectively
s P D

Qll o Qll Nix Qll b

5.1. The equation for S° states

The equation for this symmetry was obtained by Hylleraas [1]. The parity is even with
L =101+, = 0andthus /; = [, = 0. The problem reduces to one scalar equation
(d = L+1 = 1) with one constant generator function ng = 1/(4m). Then, the wavefunction
takes the form

Wi (ry, ra) = D3y (r1, 12, 712) - (22)

The angular momentum operator in (1) acts on a constant ng so that the corresponding terms
vanish (see table 1). Thus, Schrédinger equation (9) reduces to

(=1) goo  (=1) 400
|:2le1 + 2m2X +V - E] 30(7’1,"2,1’12)=0, (23)

where the Laplace operators of both particles are reduced to X (1)0, X (2)0. Their explicit forms
are determined by equation (2), linked by relation (7) and are given in table 2. In the case of
identical particles, the radial function d>go has to be either symmetric or antisymmetric with
respect to the interchange of r; and r,.

6
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Table 1. The action of the angular operators A1, A2 on some generator functions €2.

State L 7 Q A Q ArQ

s 0 o+l Q% O 0

pe 1+l Qf  —cosvpQf —cos 91225,

p° 1 -1 @) o QF —cos 91,08,
Qf,  Qf —cosvQf 0

D 2 -1 Qb —cosvpQf Q2 —2cos 91,25,
Qb Qb —2cos9,Q8 —cos ¥1,Q5

D 2 o+l QP o0
Qb JR2eb —2cos 0l

0
Qﬁ \/EQ(% —cosﬁlzﬂﬁ \/gﬂzDO —cosﬁlzﬁﬁ

N %OQ?] — 2cos 19129(?2

Table 2. Explicit forms of the non-zero operators X 111 h for S, P, D states; X ]2] h are given by

equation (7).

The diagonal operators

~ 00 A~ A 11 A 32422
X =V+2.2 X, =v+02 0 0
riz dr rirp 9
522 o 4r2e2r2-2r2
— 17 12 _0
X =Y+ —* g
ir2
2 2 2
o 9%, 2 9 8> L rptri—ry 92

where Y = or? A s o s e

The off-diagonal operators

For P? states L =11+l =1l and D? states L =1} +1p, — 1 = 2:

S0l a2 n 3
Xy =Xy =255 5
For D¢ states L =11 +1, = 2:
501 5 9 A12 T
Xy = _2\/;V1r12 ara” Xy =2y T o

5.2. The equation for P€ states

This is the case considered by Breit [2] (L = 1, even parity).

It can be identified by

L=0L4L+0l—1,lj =10 =1andd = L = 1. Then, in this case we have one antisymmetric

generator function Q7.

For Qf) the angular operator (3) (see table 1 for details) leads to the following expression:

P P o1l op P
A®T (r,r2, 1)) = { X @ (1, 2, 1) [T

where X }] X ;l are given in table 2. Schrodinger equation (9) takes the same form as in the

previous case:

X+

2m1 2m2

|:(—1) A1l (—=1) 411

The wavefunction is given by

U (ry, m) = ®F (1,2, r12) QF,

X, +V— E]cb{’1 (r1,r2,r12) = 0.

(24)

(25)
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where for identical particles the radial part @} has to be either symmetric or antisymmetric
in ry, .

5.3. The equation for P° states

This is the second case considered by Breit [2] (L = 1, odd parity). The values /; and /, are
confined by L =1, +1, = 1. There are two generator functions in this case (d = L + 1 = 2):
Q(’;l and Q°F 10> forly =0, = 1 and for [; = 1,1, = 0, respectively. Each of them is neither
symmetric nor antisymmetric. The relation between them

Qi (1, 2) = Qg (P2, 1), (26)
is independent of M. The wavefunction for any P? state can be written in the form
WP = @f (r1, ra, ri2) Q) + Py (r1, 12, r12) Q. (27)

For both generators the angular operators A, A, (3) are given in table 1 and
.00
A ((Dgl le) {X q)m} le’
N A 01
Al(q)fo Qfo) = {Xl q’fo} Qf) + {X1 ‘Dfo} Q.-
Similarly for the second particle

AOO

AZ((D{)O Q{JO) {XZ 10} Q{JO’
o511

~ 01
AZ(q)gl Q(IJal) {X q)gl} Q(1;1 {Xz q)(l;l} Qfo’

where the operators X ?0, X 11 , X ?1 are given in table 2. Schrédinger equation (9) transforms
to the following pair of coupled equations:

<(—1) 500 (— 1) (=1) 4

LV - E)cbg’l - kel =0,

X, +
2m1 ZM2

1) 4 —1) 4 1
(— )X01<Dgl+ uXil QX FV_E)oh =0,
2m1 2m2

(28)
2mo

where the first equation is associated with Q¢ and the second one with Qf;. For identical
particles, due to (26), the symmetric or antisymmetric wavefunction can be obtained if the
radial functions, ®f; and ®{,, are linked by the relation

O (r1, 12, 12) = £BF (r2, 71, 112). (29)

In the case of a symmetric or antisymmetric wavefunction the symmetrized form of
equation (28) may be more convenient. To this end let us transform the generator functions
Qb Qf, as follows (cf [15]):

Q' = %(901 Q). (30)
QS = %(sz{; + 1), 31)

where Q7 is antisymmetric and Q5 is symmetric. Then, the symmetric or antisymmetric
wavefunction, U or W* respectively, is

vl = olQ% + ol (32)
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when ®7 is symmetric and @ is antisymmetric radial function. The pair of equations (28)
in the new representation reads:

(Gt s SRasr ey - p)or o (S0 - Sl )or <o,

(Zmll) ! 2(mzl) O 2m2( 2]) 2m, 33)
T - 2T ol (2T 2 +V —E )P =0,
2m2 2m1 2m1 2m2
where
ST SIS S S TS SIS L L)
or, in the explicit form,
.5+ 0% 29 9?2 2 (nER)?’-— 5] 8 rhHr? — rl? 52 1
T, =+t —F+|l—+—F5—=|[—+ -
ar;  ridr; 9y, 12 2ririn ari rirp oridrin 1

2]’12 8r12

i =2
T

A —_l[l_l_rlzz—(rl:FVz)z 0 ]

The first equation (33) is the radial coefficient associated with Q% and the second one is
associated with 4. Thus, solutions of equations (33) give symmetric, f , and antisymmetric,
7, coefficients of the symmetric wavefunction W’ (27). In the case of the antisymmetric
wavefunction W, the coefficients ®% and ®% should be interchanged in equations (33).

5.4. The equation for D° states

This is the case with two generators (d = L = 2) for whichly =1, =2andl, =2,/ = 1.
The wavefunction can be expressed as

WP = o0 (ry, 2, 1) QD + ®D (11, 12, 112) Q8 (34)
where the generator functions 29, QF, are linked by the relation
Q3 (F1, P2) = —QD (P, 7). (35)
The angular operators A and A, (3) are given in table 1. For the first particle
A 11
A@RQD = (X eR)en,
A DD A 12
A0y Qg = [ X @ ey + (X oy jap,
and for the second particle
A 11
L2072 = [ X, ¢},
£ 22 A 12
L0100 = (X5 Ppen + { X, ehjay.

The explicit forms of X 11 1, X izz and X ll > are given in table 2. The Schrédinger equation
reduces to the pair of equations

—1) . 1) . —1) .
( )Xi‘+—( )X§2+V—E q>?2+—( )X}2q>5,=o,
2m, 2m

2m1
(=1 (=1 (=1 G0
—1) A12 —1) 422 (—1) 411
— X, P+ [ — X+ —X, +V—E | =0,
2my 2 12+<2m1 1t 2my 2 + > 21

where the first/second equation results from the coefficient associated with Q7 /Q2).
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In the case of identical particles, the symmetric or antisymmetric wavefunctions (34) are
obtained when

O (r1, 12, r12) = FOL(r2, 71, 112). 37

We can also transform equation (36) to the symmetrized form, where antisymmetric 2* and
symmetric Q5 angular functions are defined as

QA = \%(Qﬁ +Q3), (38)
Q° = S5 (Qp - 23)).- (39)

The symmetric wavefunction, ¥ f , or antisymmetric one, W D reads
VP =300 + 0204, (40)

when @2 is symmetric and ®? is antisymmetric radial function. In the case of a symmetric
wavefunction, W f , equations (36) transform to the symmetrized form

A R L o A e L)

2m ! 2my 2m; : 2m;
1 1 1 1 0
CEDpa- _ EDpa Vo (EDgps, CDgpst Ly p)or 2o,
2m 2m, 2m 2my
where
A S+ A1l 522 A 12
i = %(Xl +Xi Xl )’
A o1l 522 A 12
i = 2( i Xi i )
In the explicit form
TSi _ 92 29 92 7ri2 + 3rl¢2 F2rir — 3r122 9 ri2 — r;,2 + r122 92
i N 8r12 ri ar,- 87‘122 2rl.2r12 3712 riri2 87‘,’3}’12 ri2’
2
e L e mEn 9]
r; 21‘12 arlz

In the case of an antisymmetric wavefunction, WP, in the pair of equations (41) the radial
functions ®2, ®P are interchanged. Let us note that the first equation (41) is associated with
the expansion coefficient Q5 and the second one with Q4.

5.5. The equation for D¢ states

This is the even parity L = 2 state. There are three (d = L + 1 = 3) generator functions
QF, Q% and QP determined by I, = 0,1, =2;1; = 2,1, = 0;and [; = [, = 1, respectively.
The wavefunction may be expressed as

WP = @@ (r1, r2, 1) + PRy (r1, 12, r12) by + P (11, 12, 12) Q) (42)
and the generator functions fulfil the symmetry identities:

Qu0(F1. 72) = Qo) (P2, 1), 43)

QN (P, y) = Q[ (P2, 7). (44)

10
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Then for W” symmetric ®f, has to be symmetric and
D (1, 2. r12) = P (2, 11, 1)
In the case of W2 antisymmetric ¥} must be antisymmetric and
D D
Dy (r1, 12, 112) = =Py (r2, 11, 112).

The following relations may be easily obtained:

500
219000 = {X) 90|20,

a0hah = (X7 eh)eh + [ X, oh)af.
a@heh = (X, o )ef + X oh }ab,
£®RQD = (XY BB10D.

n,0B0h = (X5 eh)eb + {X; obaf,
n000h = (X, e )ef + {X; ohjaf

The explicit forms of operators X X ! X 2 X o X , as well as Ay, A, are given in

tables 1 and 2. Finally, the Schrodlnger equation reduces to three coupled equations:

1) . 1 1) 4
CD o, ED%2 y_plep+ S x%00 o,
2m 2m2 2my
(=1 & (=1) s —1) (=1 p12
_2m2X <1>02 g X, 2m2 +V —E|ob + o —2X, ol =0, (45)
D 4 -1) 4 1
(2 )X0]<I>ﬁ+<(2—)fo sz V—E)<I>2D0:0,
m mi

where the first equation is associated with 902’ the second one with SZZDO and the third one with
D
Q-
In order to derive the symmetric form of equations (45) it is convenient to introduce a
new basis of the generator functions

Q' =1 (@ - ), (46)
= 5 (7 +0%), 47
Q! = ! (48)

where Q4 is antisymmetric and 5, Q'! are symmetric. If we introduce
vP =00 + 020 + dfiQ", (49)

then for @2 symmetric and ®? antisymmetric, ¥? is symmetric when %, is symmetric, and
WP is antisymmetric when ®%) is antisymmetric. Finally, we obtain the symmetrized form of
equations (45)

(=1 s (— 1) (=1 sA =D 4l p
|:2m1 T+ 2m2 (V- E)i| |:2m1 T nm; T2i|q>_
L (=1) go1  (=1) go1\ . p
+ﬂ(2m1 X, _2m2X >d>” =0,
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(G0 C0on [0 S0 v -y Jor

2m ! 2mo mi 2my
1 -1) 4 —-1) 4
s (Chx0 _CD Mg o, (50)
ﬁ Zml 21’)12
1 -1) 4 -1) 4 1 —1) 4 —1) 4
(g, EDgrygp, L (EDgr D gy
2\ 2m, 2my 2\ 2m, 2m
(=1) 411 (1) 41n D
+l—X, +—X, +(V—-FE) |9;=0,
(2m1 U om, 2 ( ) @1
where
oS 500 522 A A 500 522
T, =3(X; +X)), T, =3(X;, - X))
In explicit form:
Fo_0 20 0 Fiwrorh b riorierh 82 3
! Briz ri 37‘,’ 3?‘122 ri2r12 8}"12 ririn 37‘,’3}”12 ri2 ’
oAy, i 0
! riz ri2 37‘12 ’

The first equation (50) is associated with Q5, the second one with Q4 and the third one
with Q!!. With symmetric ®? and antisymmetric ®?, equations (50) determine a symmetric
wavefunction W2 if ®D is symmetric. If ®2, is antisymmetric and functions ®2, & in
equations (50) are interchanged then the resulting wavefunction, W2, is antisymmetric.

6. Final remarks

A simple form of the Schrodinger equation reduced to the triangle variables in a general case of
two interacting particles confined in an external spherical potential. All equations are expressed
in a simple, explicit form. The resulting formalism may be helpful in the extension of both
theoretical and computational approaches developed for helium-like atoms (see e.g. [3-6])
to arbitrary two-particle spherically symmetric systems. It can be especially useful in non-
variational approaches where the explicit form of the differential equations has to be known
(e.g. in the iterative methods of solving Schodinger equation developed by Nakatsuji et al
[17-19]). Apart from a straightforward application the obtained results for a determination of
the relativistic corrections containing p* terms, one can extend the equations for the description
of three particle systems by including the mass-polarization term proportional to V;V,.
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